Abstract. For two distinguished prime ℓ and p, we prove a ℓ-adic version of the Poisson formula for reductive p-adic groups. In order to do this we write an identity for the trace of regular representation and orbital integrals. Next we reduce them to orbital integrals for endoscopy groups and look at this as the special value of L-function at s = 0. And finally show that it is equal to the special value of motivic L-function at s = 0.
Introduction
The classical Poisson summation formula states that for any smooth compactly supported function f on the real line R, the following identity holds On distribution language it sounds as
The Poisson summation formula plays an important role in mathematical physics and many other branches of mathematics where one manipulate the Fourier transforms. Following the ideas of J.-P. Labesse, in works [DQ1] - [DQ4] we show a version of Poisson formula as equality of the sum of traces of cuspidal automorphic representations of groups of split rank 1: SL(2, R) ∼ = Sp(2, R) ∼ = SU(1, 1), and groups of split rank 2: SL(3, R), Sp(4, R) and SU(2, 1), and the corresponding sum of orbital integrals. In this paper we use some advanced results of J. Arthur, J.-L. Waldspurger, M. Harris and R. Taylor and others to prove the general case of reductive p-groups.
We use the notations from [A] , [M] , [H] , [C] . In this paper we prove the following theorem: Theorem 1.1 (The Main Result). Let G be a reductive group over number field F , Gal(F/Q) the Galois group of finite extension F/Q. For any f from the Hecke algebra H(G) of bi-invariant functions with convolution,
where π is running over the set R of all cuspidal automorphic representations of G, m(π) is the multiplicity of representation π in the regular representation, a(γ) some coefficients, O(γ,f ) is the orbital integral of the Fourier transform of f , π(f ) is the Hecke operator operating in representation π, χ ℓ,π is running over the Haris-Taylor's Langlands parametrization of cuspidal automorphic representations of Galois group, L(0, χ ℓ,π , f ) are the special value at 0 of motivic L-functions L(s, χ ℓ,π , f ).
As a straight corrolary we have Theorem 1.2. Let G be a reductive group over number field F , Gal(F/Q) the Galois group of finite extension F/Q. For any f from the Hecke algebra H(G) of bi-invariant functions with convolution,
where F rob p is the Frobenius element of Galois groups acting on the character space.
The idea of the proof is as follows. First we use the J. Arthur's and Waldspurger's trace formula sum to reduce the sum of trace of subrepresentations of the regular representation to a sum of orbital integrals. Use the transfer process to reduce the problem to the endoscopic version. At endoscopic level, the representations are multiple of one dimensional representatipons. For one dimensional representations, i.e. characters, there is a passage from these characters to the characters of maximal ablelian extension of field, i.e. Dirichlet characters. We reduce the interested sum to sum of Dirichlet L-functions. And finally we use the motivic interpolation for Dirichlet L-functions to have a sum of motivic L-funtions. The particular cases of real ranks 1 and 2 were treated in [DQ1] - [DQ4] .
Let us describe the structure of the paper. In the next section §2 we prove the main result: we describe the Arthur's theory of trace formula. Then in we describe th Waldspurger's theory of local trace formula. Finally in we prove the stated main result. In §3 we make some remark about the particular cases of the Poisson trace formula. Let us remind the construction of cuspidal automorphic representations of p-adic reductive groups. Let K be a finite extension of ℓ-adic fields Q ℓ number field, G = G(K) be the K-points of a split reductive group G over Q. Let g = Lie G; more precisely, for any place v, let g v = Lie(G(K v )) be the Lie algebra G(K v ). For any archimedian place v, let U(g v ) be the universal envelloping algebra of g v and in the case of archimedian place v, Z(g v ) -its centre which is isomorphic to the symmetric polynomial algebra of the Cartan subalgebra t v ⊂ g v , and
Following the wellknown result of Harish-Chandra, there is one-to-one correspondence between the maximal ideals of Z(g v ) and the infinitesimal characters λ Πv of algebraic smooth representations Π v of G(K v ), which are irreducible (g v , U v )-modules with central character λ Πv . Let us consider the fundamental representation τ of U v in an ℓ-adic vector space V . Because C ∼ =Q ℓ following the H. Weyl theorem, every irreducible representation of U v is an irreducible constituent of the symmetric n power S(τ ) ⊗ √ ∆ of the contragradient (to the fundamental) representatioň τ .
Trace of ℓ-adic Regular Representation. Consider the case of real field F = R:
The classical Poisson summation formula is the starting point for the Poisson formula for general reductive groups G = G(R) over real field.
Following J. Arthur ([A] , (29.7)), for any f ∈ H(G) the trace trace(R(f )) can be computed as the sum:
the coefficients a(.) are defined in ( [A] , Theorem 29.4).
Reduction to Orbital Integrals of Endoscopic Groups.
Againce in the case of the real field R, the idea is to reduce the intergrals to some integrals over endoscopic subgroups. This process is called the transfer: J. Arthur in ( [A] , Corollary 29.9) showed that for any f ∈ H(G)
the coefficients a(.) and b(.) are defined in ( [A] , Theorem 29.4). For p-adic reductive groups G = G(Q p ) some similar formula can be deduced from the work of J.-L. Waldspurger of twisted local trace formula.
Following
wheref is the Fourier transform andf is the inverse Fourier transform with respect to an additive character. From this, it is easy to see that the same result is true for the Fourier transform
The endoscopic groups are the connected component of the identity of the centralizer of regular semisimple elements in the maximal tori. So the representations we are interested in are multiple of one-dimensional representations of the endoscopic subgroups H. Every characters factorizes through the abelianized group H ab = H/ (H, H) . The characters are irreducible and therefore it is factorized through the characters of multiplicative groups.
2.4.
Reduction to Motivic L-Function. Let us consider the complex field C ∼ =Q ℓ and consider the ℓ-adic representations of our p-adic groups G(Q p ) in C ∼ =Q ℓ . Certainly the Dirichlet L-series is highly divergent in the ℓ-adic topology. Let us consider the characters of abelian endoscopic groups. Following the Class-Field Theory every such character factorizes through the Abelian Galois groups. These characters are corresponding to the Dirichlet characters of the maximal abelian extension F ab . For Dirichlet character, we write out the motivic interpolation as motivic L-functions. Remark that the trace of Frobenius element can be consider as a distribution on the Hecke algebra. The following result of Artin is well-known, see [Ko] Let K be a number field, E/K a finite abelian extension with Galois group G, let ρ : G → C × be a Galois character and L(ρ, s) the associated L-function. Then there exists a unique primitive Hecke character χ of K, of modulus m say, such that
Actually, this identity holds locally, i.e. the p-component of the Euler products are equal for all prime ideal p of
The proof of our main Theorem 1.1 is therefore achieved.
Corollaries
Remark 3.1. The particular cases of the real field and low rank reductive groups of real rank 1 or 2 were treated in [DQ1] - [DQ4] .
Following P. Colmez ([C] , [H] ) for the automorphic Galois characters π = ρ and the corresponding Hecke character χ ℓ,π , trace(π(f )) = L(0, χ ℓ,π , f ) = det (1 − χ ℓ,Π (Frob p )(f )) .
We have the result as follows. where F rob p is the Frobenius element of Galois groups acting on the character space.
